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SANDWICH MATRICES, SOLOMON ALGEBRAS,
AND KAZHDAN-LUSZTIG POLYNOMIALS

MOHAN S. PUTCHA

ABSTRACT. Sandwich matrices have proved to be of importance in semigroup
theory for the last 50 years. The work of the author on algebraic monoids leads
to sandwich matrices in group theory. In this paper, we find some connections
between sandwich matrices and the Hecke algebras (for monoids) introduced
recently by Louis Solomon. At the local level we then obtain an explicit iso-
morphism between Solomon’s Hecke algebra and the complex monoid algebra
of the Renner monoid. In the simplest case of monoids associated with a Borel
subgroup, we find that the entries of the inverse of the sandwich matrix, as well
as those of the related structure matrix of Solomon’s Hecke algebra are ‘almost’
the polynomials Ry, associated with the Kazhdan-Lusztig polynomials.

INTRODUCTION

Modern semigroup theory essentially begins with the 1940 paper of Rees [21]
giving the structure of a completely O-simple semigroup. Linear representation
theory of semigroups begins with the 1942 paper of Clifford [2] on the irre-
ducible representations of completely 0-simple semigroups. Clifford’s results
became applicable to arbitrary finite semigroups via the work of Munn [9] and
Ponizovskii [13]. In all these and subsequent works, the concept of a ‘sandwich
matrix’ of a completely O-simple semigroup plays a critical role.

This paper is a contribution to the general program of the author to make
semigroup or monoid representation theory relevant to group representation
theory. Our primary focus will be on sandwich matrices of (finite) monoids M
of Lie type (such as .#,(F;)). The local structure of M is given by the ‘local
monoids’ M(J) = GUJU{0} where G isthe unit groupand J = GeG, e =e.
Such monoids can be constructed with respect to any parabolic subgroup P = Py
of G so that the local group at e is the Levi subgroup L of P. Semigroup
representation theory then suggests the study of the sandwich matrix S which
isa G/P~ xG/P matrix over C[L]. Passing to Solomon’s Hecke algebra &; of
Co[J?] yields a unipotent triangular matrix Q over the Hecke algebra Hc(L)
of L. We show that &; is naturally isomorphic to the Munn algebra over
Hc(L) with sandwich matrix Q, whereby the inverse Q~! yields the unity of
S;. When G is a Chevalley group over F, and P = B is a Borel subgroup,
we show that the entries of Q and Q! are polynomials in g, closely related
to the Kazhdan-Lusztig polynomials [8].
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We apply our results on local monoids to arbitrary finite monoids M of
Lie type. We give a direct proof that Solomon’s Hecke algebra & of M is
isomorphic to Co[R] where R is the Renner monoid of M. For /#,(F,),
Solomon [24] proved this result by making use of the result of Okniriski and
the author [11] on the semisimplicity of C[.#,(F,)].

1. PRELIMINARIES

Let M be a finite regular monoid (i.e., a € aMa for all a € M) with zero 0
and group of units G. We are interested in the complex representation theory
of M. By a representation of M we will mean a homomorphism ¢: M —
M, (C) such that ¢(1) =1 and ¢(0) = 0. Let Co[M] denote the contracted
semigroup algebra of M, i.e., the zero of M is the zero of Co[M]. Then
the representations of M are in a natural 1-1 correspondence with the Co[M]-
modules.

According to Green [6], the study of M should begin with certain equivalence
relations ¢, #, %, #, cf. [3]. For a,be M, afb if MaM = MbM ,
a#Zb if aM = bM, aZLb if Ma=Mb, Z =FNL. Let ¥ =%(M)
denote the set of all _#-classes of M. Then % is a partially ordered set:
Lh>hif hCMIM.If XCM,welet E(X)={e€ X|e*=e}. Since
M is regular, E(J) # @ forall J € Z. If e € E(M), then the #-class H
of e is just the group of units of eMe. We call H the local group at e. Let
J € Z . We define

M(J)=GuJU{0}
where for a,be J,
b_{ab ifabe J,
2°9=10 otherwise.

Then M(J) is a monoid which we call the local monoid at J . Let JO denote
the subsemigroup JU{0} of M(J). Let e € E(J), H thelocal group at e. Let

Ry,...,R,and L,, ..., L, denotethe # and .& classes of J, respectively
with H = RynL,. Choose r; € RyNnL;, i =1,...,m, l; € LyNR;j,
j=1,...,n. Then J°, rlj e HU{0}, i=1,....,m, j=1,...,n.

The sandwich matrix S is defined to be the matrix (r;/;). Note that S is
not coordinate free, i.e. is dependent on the particular choice of r;, /;. Rees
[21] showed that the completely O-simple semigroup J° is a matrix semigroup
over HU {0} with the multiplication twisted by S, cf. [3]. Clifford [2] showed
that the irreducible representations of J9 can be obtained from the irreducible
representations ¢ of H via a full rank factorization of ¢(S) over C. Munn
[9] and Ponizovskii [13] showed that Co[J°] is semisimple if and only if §
is invertible over C[H], cf. [3]. In such a case S~! can be interpreted as the
unity of Co[J°] (and in this sense coordinate free). If S~! = (a;;), then the
unity of Co[JO] is just 3 La;jr;.

How is any of the above relevant to group representation theory? To establish
a clear connection, we consider some special local monoids. The author [14-17]
has shown that the local monoids of reductive monoids and finite monoids of
Lie type (such as .#,(F)) are all of this type. Let G be a group and P, P~
subgroups. Let H be a group, 6: P — H, 6~: P~ — H homomorphisms
such that 6|pnp- = 0~ |pnp- . Let

M=MG,P,P-,H)=GuJu{0}, J=(GxHxG)/=,
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where for a; = (x;, Iy, y1), a2 = (x2, hy, y2) € GxHxG, a; = a, if and only
if x;7'x € P, yoy7' € P7, 0(x5'x)hy = 0~ (yy7"). If a = (x,h,y),
b=(s,h,t)eJ, g€ G, define

ab:{(x,hﬁ‘(q)H(p)h’,t) ifys=qp, geP~, peP,
0 ifys¢ PP,
ag=(x,h,yg),

ga=(gx,h,y).

Theorem 1.1. M = M(G, P, P~, H) is a monoid with the local group at e =
(1,1, 1) being isomorphic to H. Moreover as right and left G-modules,

JIZ =2G/P”={P ay,..., P an}, JIZ2G/P={BP,...,B.P},
and the sandwich matrix S = (a;f;) where for g € G,
z= { 6=(q)0(p) ifg=4qp, q€P~, peP,
0 ifg ¢ PP
Proof. 1t is clear that = is reflexive and symmetric. Let a; = (x;, Ay, y1),
ay = (x2, ha,y2), as = (x3, h3, y3) € Gx Hx G such that a; = a; = a3. Then
;e xyx e P, yayrt, vyt e P
0(x; ' x1)h = ha0~ (yoy7"), 0(x5 ' x2)h2 = h36~ (y3y;7").
Then x3'x; = (x57'x2)(x3'x1) € P, ysy; ' = (1397 )(yayy') € P~ and
0(x5 " x1)hy = 0(x3"'x2)0(x5 ' x1)hy = 0(x3 ' x2) 0~ (27 !)
= h30~ (37 )0~ (ayy") = B30~ (y3yy ).
Hence a; = a; and = is an equivalence relation on G x H x G. Next we show
that the multiplication is well defined. Solet a = (x, &, y), a, = (x1, k1, »1),

b=(s,h,t), by=(s1,h},t1) € Gx HxG such that a =a, and b = b, .
Then
1) xi'x,silseP, ywy ot tep,
O(x7'x)h = h0~(y1y7"), O(sy s)h' = h 6~ (1,t7").
Suppose ab # 0. Then ys € P~ P and

ab=(x,h0 (q)0(p)h’,t) where ys=qp, qe P~, pe P.

Note that 6~ (q)0(p) is independent of the choice of p and g since 6|pnp- =
6~ |pnp- - By (1),

yis1 = 1y~ (ys)(s™'s)) € P~(P~P)P = P P.

By (1), g1 = (»1y~")g € P~ and p, = p(s~'s)) € P. Since gp = ys, qip; =
y151 . Hence

arby = (x1, 0~ (q1)0(p1)hy, t1).
By (1), x{'x e P, jt"' € P~ and
0(x7 ' x)h0~ (q)0(p)h' = hi 6~ (y1y~")67(9)0(p)h' = h 0~ (»1y~'q)6(p)h’
=07 (q)0(p)h' = b0~ (q1)0(p1 (s 's))H
= h 07 (q1)0(p1)6(s7 's)h' = 16~ (q1)6(p1)h 0~ (t1271).
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Hence ab = ab, . Similarly a,b; # 0 implies a;b; = ab. It is also clear that
forany g € G, ga= ga, and ag = a,g. It follows that the multiplication in
M is well defined.

We next prove associativity. So let a, b, c € M. The only nontrivial case
to consider is when a,b,c € J. Let a = (x;, hy, y1), b = (x2, ha, y2),
¢ =(x3, h3, y3). Suppose (ab)c #0. Then ab #0 and y;x, € P~P. So

ab = (x1, 07 (q)0(p)ha, y2) where yix=qp, g€ P~, peP.
Since (ab)c #0, y,x3€ P~P. So
(ab)e = (x1, 607 (9)8(p)h260~(q")0(D" )3, y3)
where y,x3=¢'p', ¢ € P~, p'€P.
So
be = (x2, h07(q")0(p")h3, ¥3)
and a(bc) = (ab)c. Similarly (ab)c # 0 implies a(bc) = (ab)c. Hence M is
a monoid. Clearly the local group at e is
H ={(1,h,1)lhe H} =2 H.
Let a = (x,h,y) € J. Then a = x(1,h, 1)y. Hence xe#ZaZLey. Let
Y1, 2 € G. Then ey, ZLey, if and only if ey;p;' = (1, 1, y1y;') € H'. This
happens exactly when y,y;' € P~,ie, P~y; =P y,. So
JI L =2G/P~ ={P aj,..., P an}.
Similarly
JIZ =G/P={BP,...,B.P}
Clearly

(ean)(Bje) = (1, 1, ai)(By, 1, 1) = {

This completes the proof of the theorem. 0O

(1, B, 1) ifa;B;€ PP,
0 ifa,-ﬂj¢P‘P.

Remark 1.2. J = GeG 1if and only if H = 6= (P~)6(P). This happens for
example if @ or 6~ is onto. In what we are interested in, both 6 and 6~ will
be onto.

If M is a monoid of Lie type, then by the author [16, 17], the local monoids
of M are of the form M(G, P, P~, L/K) where P, P~ are opposite parabolic
subgroups, L=PNP~, K<L and

9:P=LU—>L/K, 6 :P =LU — LK,

the natural homomorphisms. If K, <L, K C K, then M(G, P, P~, L/K;)
is a natural homomorphic image of M (G, P, P~, L/K). Hence the universal
monoid of this type is M (G, P, P—, L) and the smallest one is M (G, P, P, 1).
The sandwich matrix of M(G, P, P~, 1) is just the G/P~ x G/P matrix with
the entry corresponding to P~«, BP being 1 if aff € PP and 0 if aff ¢
P~ P . By the results of Okninski and the author [11], C[M] is semisimple for
any monoid M of Lie type. This result was proved by making use of Harish-
Chandra’s theory of cuspidal representations [1, Chapter 9]. For a theory of
cuspidal representations of finite monoids, see [12]. By the results of Renner
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and the author [20] the irreducible modular representations of M restrict to
irreducible modular representations of G. In [20] a universal monoid /£ =
A (G) of a particular type is constructed. The local monoids of .# are exactly
the various M(G, P, P—, L). The universal monoids of all possible types are
constructed by the author [18].

2. SANDWICH MATRICES AND KAZHDAN-LUSZTIG POLYNOMIALS

Let G be a finite group of Lie type with opposite Borel subgroups B, B—, T =
BNB~ ,and Weylgroup W = N/T ,cf.[1l. If c e W, let a =6T, 6 € N with
T = 1. Let £(o) denote the length of . Let U, U~ denote the unipotent
radicals of B, B~ respectively, so that B = TU and B~ = TU~. We con-
sider in this section the simplest local monoids, M = My = M(G, B, B~, T)
and M'=M(G, B, B~, 1) because the connection with the Kazhdan-Lusztig
theory is most direct in this case. The general situation will be considered in
the next section. In C[G], let

€= l—;—l Z b.
beB
Following Solomon [24] for .#,(F,), we consider the Hecke algebra
6 =6(M) =eCo[M]e.
We will see shortly that
S(M)=S(M') =eCo[M'e.
Let
M=GuJu{0}, J =Js =GeG, e’=e,
M =GuJ'u{0}, J =GeG, et=e.
Then Co[J°] is an ideal of Co[M] and C[G] = Co[M]/Co[J°]. Hence
Sgo = eCo[J]e
is an ideal of & and
6/64 = eC[Gle = He(G)

the Hecke algebra of G. Let x,y € G. Then by the Bruhat and Birkhoff
decompositions, x € BaU, y € U~0B for some unique 0,6 € W. So
xey € BoefB and

(2) e(xey)e = egebe.
If te T, then
(3) e(xtey) = e(xey)

and hence 6=6(M) = S(M'). For a,0 € W, let

Ay g = €67 'ebe.

Then by (2), the 4, 4 span G4 . Furthermore the supports of 4, 4 and A, 4
have empty intersection unless 0 = ¢’ and 6 = 6’. Hence A, 4 (0,0 € W)
form a basis for G4 .
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We will return to &4 shortly. Let us consider the sandwich matrix of J'0 C
M'. For o e W, let

4) V,=Uné 'Ug,

(5) Y,=Uns¢ U q.

Then since U is a product of its root subgroups in any order,
(6) VonY, ={1}, U=V,Y, =Y, V,.

Now ¢v (v € V;, o € W) is a complete set of distinct right coset representa-
tives of B~ and y6~! (y € Y,, o € W) is a complete set of distinct left coset
representatives of B, cf. [11, proof of Lemma 2.5]. For g € G, let

__{1 if g€ BB,
~ 10 ifg¢ BB

Then the sandwich matrix of J' is just the 0-1 matrix S = (Qvyg—"). Moreover
by [4] or [11, Lemma 2.2]

évyd—l—{ 1 if6=o,

0 ifofo,
where < denotes the usual Bruhat order on W, cf. [1, §1.9]. Thus if the ele-

ments of W are arranged in length nondecreasing order (i.e., W = {ady, 02, ...}
with £(0y) < £(03) <---), then S has a block upper triangular form with the
blocks being rectangular. By [11] S is invertible over C. However S~! no
longer has triangular form. In fact S~! has no zero entries at all! Amazingly,
as we shortly see, the triangular form returns upon passing to the Solomon alge-
bra. As pointed out before, S~! can be interpreted as the unity 4 of Co[J'?].
Let ag denote the (1, ) entry of S=!. Then ay is the coefficient of ¢’d in
h. Let x,y € G such that yx € B~gB. Then yx = b'6b for some b € B,
b’ e B~. So
bx~Y(xe'y)xb~' = be'yxb~! = be'b’'é = €'6.

So xe'y and e’ are conjugate. Since £ is central in Cy[M'], we see that a,
is also the coefficient of xe’y in A. Thus if

L, = Z{xeylx, y€G, yx e B-aB},
then we have,
Proposition 2.1. The unity h of Co[J'] is given by
h=" a,L,.
gEW

We wish to compute the numbers a, . For ¢, 0 € W, let

|6B6~'nB~B| |6Ué¢~'nB~B|
7 = = .
( ) QB,U IBI |U|

Then

|0U6'NnB~B| Qg ,-|U|

= = - |Vgl.
) v Qoo
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By [11, equations (17), (18)], the numbers a, satisfy the following system of
equations:

|U|a1 =1 ,
(8) > Vol-Qp.0a9 =0 foro #1.
bew
We are therefore led to considering the matrix
Qp = (Qo,o)-
We call Qg the structure matrix of G5 . Now by [4] or [11, Lemma 2.2]
1 iff=o0,
Os.0 = { 0 if6¢o,

where < denotes the Bruhat order on W . Thus if the elements of W are
listed in length nondecreasing order, then €, is an upper triangular unipotent
matrix and is in particular invertible. Let

(9) Q' = (0s.0).
Then by (8), we have

Proposition 2.2. Forall 6 e W, a, = él a/Vsl.

We will show that Qy , and éo,a are related to some polynomials in
Kazhdan-Lusztig theory. Before doing this we use Q, and Q' to study the
structure of the Solomon algebra &5. Let x€Gg. Then x=3", 4oy @5, 045,0
for some unique a4 g € C. Define ¢(x) = (aq,9) € #,(C) where n = |W]|.

Theorem 2.3. The map y: &5 — #4,(C) given by y(x) = ¢(x) - Q, where
Q = Qg is the structure matrix of &4, is an algebra isomorphism. In particular
the unity h' of Gy is given by

h' =¢h= Z Q0,0’ < Ag.o-
0,0eW
Proof. We have already seen that ¢ and hence y (since Q is invertible) is a
vector space isomorphism. It suffices therefore to show that for all x, y € G4,

(10) P(xy) = p(x)Q(y).
By linearity, it suffices to consider the case when x = 4; ¢ = g6 lefe, y =
Ay g =e0''e@'c. Let be B. If 0b6'~' ¢ BB, then efbs'~'e =0. Sup-

pose 6b6'~! € B-B. Then 0bs'~! € U~tU for some t € T and efbs'~'e =
te. Thus by (3)

YRA/—1 - .
Xy = 98¢ |BTB Bl cec'el'e = Qy o1 Ag g
Hence ¢(xy) = ¢(x)Qad(y), establishing (10). In particular 1 = y(h’) = ¢(h')Q
and ¢(h') = Q~'. This completes the proof. O

Kazhdan and Lusztig [8] constructed the now famous polynomials Py ,(q)
(6,0 € W). They also consider some closely related polynomials, Ry ,(q)
(8, o € W). Deodhar [4, 5] further studied these polynomials and in particular
found a closed form formula for Ry ,(q).
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Theorem 2.4. Suppose G is a Chevalley group over F, and let m denote the
number of positive roots Then
(i) Qg qtO-tIRy ,(q) forall 6,0 € W.
i) Q ( q)f ~t@Ry +(9) forall@,oeW.
ii1) For all cEW, az =g "(-1)!@R; ,(q).
v) The unity h of Co[J'°] is given by

h=q""Y (-1))R, 4(q)Ls.

oEW

(i
1
(iv

(v) The unity h' of Gy is given by
W=eh= Y (-0)" "Ry 5(9)4p,o-

0,0eW

Proof. By (6), [1, Proposition 2.2.7] we see that

(11) Ul=q™, |Y|=¢"", [|Vo|=q"""".
By [4, 8],

(12) Ry ,(q)=|B"6-BNBo-B|

in G/B. Hence in G,

(13) Ry +(q) =|B~6BN BagB|/|B|.

By (4), (5), (6), (11) we see that
(18)  |QUG~' N B~B| = |Ys|-|0Vs6~' N B~B| = ¢"9|0Vs6~" n B~ B|.

Let v € V, such that vé—! € B-B = B-U. Then fvo~! = bu for unique
beB~, ueU and )

ué =b='6v € B~0B.
Conversely let u € U such that ué € B-0B = B—0V;. Then ué = b~'6v for
some unique b€ B~ and v € V. So

fve~! = bu e B™B.

Hence

(15) |§Vy6~'nB~B| =|Ué N BB
By (4), (5), (6),

(16) U6 NB~0B| = |Vy-1|+|Y;-16 N B~ 0B)|.
Since BaB = Y,-1aB, we see by (12) or (13) that

(17) |Yy;-16 N B~0B| = Ry 4(q).

Since £(c)=£(c""), we see by (7), (11), (14)—=(17) that Qp ,= ¢*©O~t(R, ,(q).
By [8, proof of Lemma 2.1], the matrices

A1 =(¢"ORqg ;) and A, =((-1)"D(-q)" Ry 5)
are inverses. Let D be the diagonal matrix diag(q—*(®)). Then Qg = 4,D and

Qy' =D 14 = ((—9)"O~*)Ry 4).
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This yields (ii) by (9). (iii), (iv), (v) now follow from (11), Propositions 2.1,
2.2, and Theorem 2.3. O

Problem 2.5. If G is a Chevalley group, then by Theorem 2.4, éo,,, =
(=1){@-t@) gy . Is this valid for any group of Lie type?

3. LocAL MONOIDS

We begin this section by considering universal local monoids. We will then
apply these results to arbitrary monoids of Lie type in the next section. Let
G,B,B~,N,T,U,U~, W be as in the previous section. Let I" denote the
Coxeter graph of G. Fix asubset I of I'. Let P=P=BW;B, P~ =P, =
B-W;B~, L = L; = PnP~, Uy the unipotent radical of P, and U; the
unipotent radical of P~ . Let

M;=M(G,P,P ,L)=GuUJ;U{0}, Jr=GeG,e}=e.

Then
(18) U1€1 = {6’1} = e,U,‘ s L€] = €1L.
Let

1
&= b, & =eColJple.
|B| beB
We are interested in the structure of &;. Let

|
BL—BOL, 8[—IB—L|b§B:Lb

and
Hc(L) = ¢/C[L]es

the Hecke algebra of L. Then ¢, is the unity of H¢(L). For n € Wy, let
T, = ¢rie; € He(L).
These are scalar multiples of the usual basis elements 7 of Iwahori [7]. By a
theorem of Tits, cf. [1, §10,11], Hc(L) = C[W;]. Let
D; = {0 € W|£(o0) > £(0o) for all € W}, D;!' ={o7"\o € Dy}.

Then D; is a complete set of distinct left coset representatives of W; and
D,’l is a complete set of distinct right coset representatives of W;. By [I,
Propositions 2.3.3, 2.5.15] we see that for 0 € W,

(19) ogeD; ifandonlyif ¢Bro~!CB.
Since U 1is a product of its root subgroups in any order, we see that
(20) ¢-'Bég C U B foralloeDy.

If |D;| =n, we will exhibit an explicit isomorphism between &; and #,(Hc(L)).
By [11, proof of Lemma 2.5],

(21) G= || BoP=|] P o7'B.
o€D, og€D;
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Let a € J?. Then a = xe;y forsome x, y € G. By (21), there exist o, 6 € D,
such that x e BoP, y € P~0~'B. So by (18),

a=xe;y € BoPe;P~0"'B = BoLe;6~'B.
Hence for some n € W;,
a€ BoBynBre;0~'B = Bane;6~'B, by (19).
We claim that o, n, 8 are unique. For suppose for some a,, 6, € D;, n; €
Wi, a€ Bayne67'B. Then
Bo\P = Boym\P = BonP = BsP, P 67'B=P 67'B.
Hence by (21), 6 =0y, 6 =6,. Since n € W},
¢ 'ab € 6-'Bone,6~'BONo~'Bam e;6~ ' BO
C Uy Brne;Uy BNU; BmetUy B by (20)
=U; B ne;BNU; B mie;B by (18).
So by (18),
e;6'abe; € BynBre; N BLm Bre;.
Hence B aB, N B n B # @ and n =xn;. Thus o, n, 6 are unique. Also
cae =eoef e = eaTle0~'e by (18), (19).

For 6,0 € D;', n € W, define a linear transformation 4, : Hc(L) — &
as
Ay o(TL) = €67 e 0 = &6 TherBe.

By the preceding discussion A, ¢(7,) with a,0 € D,‘l , T € W; span &;
and have pairwise disjoint support. Hence they form a basis for &;. For
g,0¢€D;,let

|§B6~' N U; B nB|
Qo= L

B . T € He(L).

new;

By (20),
Q! ,=¢ foralloeD;'.

If 6 £ g, then by [11, proof of Lemma 2.2], §BN P~ Pog = @ and hence
Q,’,,(,:O if0,0eD;', 040,

where < denotes the Bruhat order on W . We define the structure matrix Q;
of Sy as
Q; = (Q} ,) € #,(Hc(L)) where n=|Dy].

If we arrange the elements of D,‘l in length nondecreasing order, then ; is an
upper triangular unipotent matrix. In particular Q; is invertible. Let Q,‘l =
(Qf ,)- Let x € &;. Then x = z(),aGD," Ag ¢(ns 9) for some unique 7, g €

Hc(L). Define ¢(x) = (n5,9) € #n(Hc(L)). Then we have the following
generalization of Theorem 2.3.
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Theorem 3.1. The map y: &; — My(Hc(L)) given by w(x) = ¢(x) - Q, where
Q = Q; is the structure matrix of &y, is an algebra isomorphism. In particular
the unity h; of &, is given by

Z A0 ,0 (éé R a)'

6,0eD;!

Proof. We have already seen that ¢ and y (since Q is invertible) is a vector
space isomorphism. It suffices therefore to show that for all x, y € &;,

(22) P(xy) = $(x)Qe().
By linearity, it suffices to consider the case when

x=Aq o(T) =67 Thes0¢,

y=Ag g(Th) =e6' ' Thef'e = ea'e;Th 0.
Let be B. If Obg'~! ¢ P~ P, then ¢;0bd’'~'e; =0. Now

P P=U; LU= | | UrBLyBLUr = | | Uy BLyB.
YEW] YEW;

If 6b6'~' € Uy BLyBL Uy, then
Tre0b6' e T, = e, T, T,T; = T,T;Ty.ey.
Hence

Bll
=3 6B6'~' N U7 BLyB|

B ed' ' T, T, T, e0'

=e67'T; Q) o Tuer0'e = Ay o(T, 04 o Thi).

Hence ¢(xy) = ¢(x)Q¢(y), establishing (22). In particular 1 = y(h;) =
d(hp)Q and ¢(h;) = Q~'. This completes the proof. O

Remark 3.2. In the terminology of [3, §5.2], &; is a Munn algebra over Hc¢(L)
with sandwich matrix Q;.

Problem 3.3. The elements Q(, of the Hecke algebra Hc(L) can be computed
recursively via the Bruhat order Can a closed form expression be found?

Let us now consider the general local monoid M’ = (G, P, P, L') where
= L/K, KaL. Let J' = Ge;G in M’'. Consider the Hecke algebra
&} = eCo[J'%)e. Let f: C[L] — C[L'] denote the natural homomorphism. Let

I'={neWf(x) ¢ f(BL)}.
Then by [1, Proposition 2.1.5], W} is the Weyl group of L’ with respect to
f(BL), f(NNL). Soif T, (xr € Wy) is the usual basis of H¢(L), cf. [1, Chapter
10], then f(T,) (= € W) is a basis for f(Hc(L)). Hence by Tits’ theorem,
cf. [1, §10.11], f(Hc(L)) = C[W}/]. So by Theorem 3.1 we have

Corollary 3.4. &, = .4,(C[W;]).

4. SOLOMON ALGEBRAS AND RENNER MONOIDS

Let G be a group of Lie type in the sense of Carter [1]. Actually it suffices
to assume as in [1, Chapter 2] that G admits a split BN-pair satisfying some
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commutator relations. If P is a parabolic subgroup, then we let R,(P) denote
its unipotent radical. By a (finite) monoid of Lie type on G, we mean a finite
regular monoid M with zero 0 and unit group G such that M is generated
E =E(M) and G, and

(1) Forall ec E,

P=Ple)={x € G|lxe=exe}, P~ =P (e)={xe€Glex =exe}

are opposite parabolic subgroups of G and for all u € R,(P), v € R,(P~), ue
=e=ev.

(2)Forall e, f € E, eM = fM or Me = Mf implies x~'ex = f for
some x € G.

Monoids of Lie type were introduced by the author [16] with a different name
(regular split monoids) as an abstraction of certain properties of linear algebraic
monoids [14, 19, 22]. They occur as the fixed points of endomorphisms of
reductive monoids [20, 23].

Let M be a monoid of Lie type on G . Following Solomon [24, 25], we are
interested in the Hecke algebra

S = 6(M) = eCo[Me

where as before ¢ = (1/|B|)Y_,cpb. We begin by discussing the structure of
M . G has a two-sided action on M . The _#-classes of M are exactly the
G x G orbits. Moreover the partially ordered set % = Z (M) of _#-classes
forms a lattice. There is a cross section of idempotents e; (J € Z) such that
J =Ge;G and forall Jy, L, e, eje), =enes, =epny,. A={e;|J €%} is
a cross section lattice in the sense of [14]. Moreover M = E(M)G and for all
Je¥%,
E(J) = {x"'e;x|x € G}.

There is a type map A: % — 2U such that for all J € Z, P(e;) = Py,
P=(e;) = P;IJ) . We write Py, P_]_ ,L;, Uy, UJ_ , W; for P).(J)> P}IJ)’ L;.(J),
Uvsy» U}._(J) , Wiy, respectively. We call A the type of M. The type map
completely determines the system of idempotents of M . Monoids of Lie type
are first of all classified according to their type. For J € Z , let

K;={xeG|xe;=e;x=ey}.
Then K;<L;. Let
F=FM)={(J,Ks)| ] e}.

The type map A along with Z (M), classifies a monoid of Lie type up to
isomorphism [16, Theorem 3.8].

Renner [22] generalized the classical Bruhat decomposition for reductive
groups to reductive monoids by replacing the Weyl group by a finite inverse
monoid (i.e., for each element a, there is a unique x with axa =a, xax = x),

which we call the Renner monoid. This decomposition was generalized to a
monoid M of Lie type by the author [16] as follows. Let

Ey={c"tejo|J €%, o0 € W}.

This is the analogue of the set of diagonal idempotents. Then (N, Ep) is an
inverse monoid. If a, b € (N, Ep) define

a=b if BaB = BbB.
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Then = is an idempotent separating congruence on (N, Ep). Let
R=R(M)=(N, Ey)/=.
Then the unit group of R is W, E(R) = Ey, and
M= || BwB.
weR

Let J € Z . Then the #-class of e; in R is Jy = We;W. Let I =A(J).
Then by [16, §4], the local group in R at e; is Wy as in Corollary 3.4 and
n=|E(J;)| = |W|/|W|. So by [3, Theorem 5.19],

(23) ColJ{] = A, (C[Wp)).
By Corollary 3.4,
(24) eColJ e = A, (C[Wr)).

Now for a maximal chain of ideals of M , the Rees factor semigroups are exactly
JO (J € Z). Accordingly Co[M] has a chain of ideals with the corresponding
quotient algebras being isomorphic to Co[J°] (J € %). Hence & has a chain
of ideals with the corresponding quotient algebras being as in (24). Similarly
Co[R] has a chain of ideals with the corresponding quotient algebras being as
in (23). We have therefore proved

Theorem 4.1. Let M be a monoid of Lie type. Then the Solomon algebra (M)
is semisimple and isomorphic to Cy[R] where R is the Renner monoid of M .

Remark 4.2. For M = .#,(F,;), Solomon [24] proves that &(M) = Cy[R] by
making use of the result of Okniniski and the author [11] on the semisimplicity
of Co[M]. In this case R is the symmetric inverse semigroup, the complex
characters of which were explicitly computed by Munn [10]. We remark that
our proof of Theorem 4.1 does not depend on [11].

Remark 4.3. Solomon [25] has posed the problem of finding an explicit iso-
morphism between S(M) and Cy[R]. Theorem 3.1 and Corollary 3.4 give a
solution to this problem locally. We feel that the complete (global) solution
may not be very pleasant. The natural idempotent in G(M) corresponding to
ey € Ais
eje = ﬁ Ze;b € 6(M).
beB

However this correspondence does not extend to an isomorphism between Cy[®R]
and 6(M) even for M = #(F,).

Problem 4.4. Does the map from the cross section lattice A,
1
ey — — E e;b
|B|

have a natural extension to Ey = E(R)?

In the notation of Theorem 3.1, we can try for I = A(J), g € D,‘1 ,

o 'e;o0 - Z AG,a(éé,a)z Z Aﬁ,a(éé,a)'

6ep;! 6ep;!
6<o
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